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Quantum walks are a promising framework for developing quantum algorithms and quantum simu-
lations. Quantum walks represent an important test case for the application of quantum computers.
Here we present different forms of discrete-time quantum walks and show their equivalence for
physical realizations. Using an appropriate digital mapping of the position space on which a walker
evolves onto the multi-qubit states in a quantum processor, we present different configurations of
quantum circuits for the implementation of discrete-time quantum walks in one-dimensional position
space. With example circuits for a five qubit machine we address scalability to higher dimensions
and larger quantum processors.
I. INTRODUCTION
There is great interest in developing quantum algo-
rithms for potential speedups over conventional comput-
ers, and progress is being made in mapping such algo-
rithms to current technology [1, 2]. Device architecture,
qubit connectivity, gate fidelity and qubit coherence time
are metrics that define the trade-off in designing device
specific circuits. Quantum walks [3, 4], exploiting quan-
tum superposition of multiple walk paths, have played
an important role in development of a wide variety of
quantum algorithms. Examples include algorithms for
quantum search [5–9], graph isomorphism problems [10–
12], ranking nodes in a network [13–16], and quantum
simulation at low and high energy scales [17–26].
There are two main variants of quantum walks, the
discrete-time quantum walk (DTQW) [27, 28] and the
continuous-time quantum walk (CTQW) [29, 30]. The
DTQW is defined on a Hilbert space comprising internal
states of the single particle, a coin qubit state, and posi-
tion space with the evolution being driven by a position
shift operator controlled by a quantum coin operator.
The CTQW is defined directly on the position Hilbert
space with the evolution being driven by the Hamilto-
nian of the system and adjacency matrix of the position
space. In both variants, the probability distribution of
the particle spreads quadratically faster in position space
compared to the classical random walk [31–35].
Due to the Hilbert space configuration of DTQWs one
can define many different forms of quantum coin opera-
tors and position shift operators that control the dynam-
ics leading to variants such as the standard DTQW, di-
rected DTQW [36–38], split-step DTQW [39–41], and the
Szegedy walk [42]. These models have been successfully
used to mimic the Dirac cellular automata [41, 43, 44], to
simulate strong and weak localization [45, 46] and topo-
logical phases [47, 48], and many more.
DTQW implementations are ideally suited for lattice
based quantum systems where lattice sites represent a
position space explored by a walker in the form of a hop-
ping quantum particle. Experimental implementations of
these walks have been reported in cold atoms [49, 50] and
photonic systems [51–53]. In trapped ions, the DTQW
has been implemented by mapping position space to mo-
tional phase space [54, 55]. However, the implementation
of quantum walks on a circuit based system is crucial
to explore the practical realm of their algorithmic ap-
plications. The quantum circuit based implementation
of DTQWs has only been performed on a multi-qubit
NMR system [56]. For implementing a DTQW on circuit
based quantum processors, one has to map the position
space to the multi-qubit states in the quantum processor.
Protocols using one such mapping on a superconducting
N + 1-qutrits system to implement N -steps of DTQW
in circuit quantum electrodynamics has recently been re-
ported [57]. On any hardware, limitations in qubit num-
ber and coherence time restrict the number of steps that
can be implemented.
In this paper, we review different forms of DTQWs
and show their universal equivalence concerning physi-
cal implementations in circuit-based systems. We also
present different equivalent forms of quantum circuits to
implement DTQWs in one-dimensional position space on
a five-qubit processor. These circuits can be implemented
on any of the present superconducting qubit, trapped
ion qubit or other circuit based quantum devices. They
can be further scaled up to implement more steps and
to higher spatial dimensions, generalized to implement
multi-particle DTQWs, and DTQW based algorithms.
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2II. EQUIVALENCE OF DIFFERENT
DISCRETE TIME QUANTUM WALK VARIANTS
IN ONE DIMENSION
Dynamics of the DTQW are defined on the com-
bination of particle (coin) and position Hilbert space
H = Hc ⊗ Hp. A particle with internal states, Hc =
span{|↑〉 , |↓〉} and a one-dimensional position Hilbert
space is Hp = span{|x〉}, where x ∈ Z represents the la-
bels on the position states available for the particle. The
generic initial state of the particle, |ψ〉c, can be written
using two parameters δ, η in the form,
|ψ(δ, η)〉c = cos(δ) |↑〉+ e−iη sin(δ) |↓〉 . (1)
Each step of the walk evolves by a unitary operation con-
sisting of a quantum coin operator acting on the particle
space followed by a conditioned position shift operator
acting on the entire Hilbert space. By modifying the
coin and shift operators, different forms of DTQWs can
be achieved. The quantum coin operator, with a sin-
gle parameter representing the bias of the effective coin,
acts on the coin qubit space and is given by a rotation
operator,
Cˆ(θ) =
[
cos(θ) −i sin(θ)
−i sin(θ) cos(θ)
]
⊗ Il. (2)
Here Il is the identity operator on the position space of
length l.
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FIG. 1: Probability distribution after 100 time-steps of a
standard discrete-time quantum walk (SQW) for different
initial states with the coin parameter θ = pi/4. Initial states
are |Ψin〉 = |↑〉 ⊗ |x = 0〉 for (a), |Ψin〉 = |↓〉 ⊗ |x = 0〉 for
(b), and |Ψin〉 = 1√2 (|↑〉+ |↓〉)⊗ |x = 0〉 for (c). Alternate
sites will have have zero probability in a SQW irrespective of
the initial state.
Standard discrete-time quantum walk (SQW) : The coin
operation is given by Eq. (2) followed by the conditioned
position shift operator Sˆ of the form,
Sˆ =
∑
x∈Z
(
|↑〉 〈↑|⊗|x− 1〉 〈x|+ |↓〉 〈↓|⊗|x+ 1〉 〈x|
)
. (3)
Each step of the walk is realized by applying the operator,
Wˆ = SˆCˆ(θ). The shift operator at time t, translates the
position conditioned on the internal state of the particle.
The state of the particle in extended position space after
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FIG. 2: Probability distribution after 100 time-steps of a
standard discrete-time quantum walk (SQW), directed
discrete-time quantum walk (DQW), and split-step quantum
walk (SSQW) with the coin parameter θ = pi/4. In the plot,
the zero probability value at alternate positions are
discarded from the SQW. The spread in position space for
the SQW and SSQW are identical but the peak values of the
distribution are different. The spread is different for SQW
and DQW, but their peak values are identical. The initial
state is |Ψin〉 = 1√2 (|↑〉+ |↓〉)⊗ |x = 0〉 for all cases.
t steps of the walk is given by,
|Ψ(t)〉 = Wˆ t
[
|ψ〉c ⊗ |x = 0〉
]
=
t∑
x=−t
[
ψ↑x,t
ψ↓x,t
]
. (4)
The probability of finding the particle at position and
time (x, t) is
P (x, t) =
∥∥∥ψ↑x,t∥∥∥2 + ∥∥∥ψ↓x,t∥∥∥2 . (5)
Fig. 1 shows the probability distribution of a SQW for
different initial states using θ = pi/4. The symmetry of
the probability distribution naturally depends on the
particular choice of the initial state of the walker. The
symmetry and variance of the final distribution can also
be affected by adding phases and thus taking advantage
of the entire Bloch sphere for the coin operation in
Eq. (2) [58].
Directed discrete-time quantum walk (DQW): On a one-
dimensional position space, the coin operation is the
same as that given by Eq. (2) but the position shift op-
erator Sˆd is of the form,
Sˆd =
∑
x∈Z
(
|↑〉 〈↑| ⊗ |x〉 〈x|+ |↓〉 〈↓| ⊗ |x+ 1〉 〈x|
)
. (6)
The shift operator at time t retains the particle at the
existing position state at time (t− 1) or translates to the
right conditioned on the internal state of the particle.
Each step of the walk is realized by applying the opera-
3tor, Wˆd = SˆdCˆ(θ). When the particle is in superposition
of the internal state, during each step of the walk, some
amplitude of the particle will simultaneously remain at
the exisiting position state and translate to the right
position state. The spread of the DQW in position space
is half that of the SQW.
Split-step discrete-time quantum walk (SSQW): In this
case, each step of the walk is a composition of two half-
step evolutions,
Wˆss = Sˆ+Cˆ(θ)Sˆ−Cˆ(θ). (7)
The single parameter coin operator is again given by
Eq. (2) and the two shift operators have the form,
Sˆ− =
∑
x∈Z
( |↑〉 〈↑| ⊗ |x− 1〉 〈x|+ |↓〉 〈↓| ⊗ |x〉 〈x| ) (8a)
Sˆ+ =
∑
x∈Z
( |↑〉 〈↑| ⊗ |x〉 〈x|+ |↓〉 〈↓| ⊗ |x+ 1〉 〈x| ). (8b)
During each step of the SSQW, the particle remains at
the same position and also moves to left and right po-
sitions conditioned on the internal state of the particle.
This leads to a probability distribution that is different
from the SQW. In addition to that, a different value of
θ can be used for each half step giving additional control
over the dynamics and probability distribution.
In Fig. 2 we show the probability distribution over po-
sition space after 100 steps of SQW, DQW and SSQW,
respectively. The position space explored in the DQW
is half the size compared to the SQW. The probability
of finding the particle at each position space is non-zero
for DQW when compared to SQW where the probabil-
ity of finding particle at every alternate position is zero.
Though the size of the position space is the same for
both, SSQW and SQW, a non-zero probability of finding
the particle at all positions is seen in SSQW compared
to SQW resulting in correspondingly lower peak values.
Among the three forms of the walk presented above,
SSQW comprises both features, extended position states
and non-zero probability at all positions. Therefore, one
can consider SSQW as the most general form of a DTQW
evolution. The state at any position x and time (t + 1)
after the operation of Wˆss at time t will be Ψx,t+1 =
ψ↑x,t+1 + ψ
↓
x,t+1, where
ψ↑x,t+1 = cos(θ)[cos(θ)ψ
↑
x+1,t − i sin(θ)ψ↓x+1,t]
− i sin(θ)[−i sin(θ)ψ↑x,t + cos(θ)ψ↓x,t] (9a)
ψ↓x,t+1 = −i sin(θ)[cos(θ)ψ↑x,t − i sin(θ)ψ↓x,t]
+ cos(θ)[−i sin(θ)ψ↑x−1,t + cos(θ)ψ↓x−1,t]. (9b)
In the following we show that the amplitudes of the
walker positions in the different quantum walk variants
are identical after relabelling of the position state, which
establishes that they are all equivalent.
Equivalence of SQW and SSQW: If we evolve two steps
of SQW we will arrive at the state that is identical to
Eq. (9) with only a replacement of |x± 1〉 with |x± 2〉,
that is,
Wˆss ≡ Wˆ 2
Sˆ+Cˆ(θ)Sˆ−Cˆ(θ) ≡
[
SˆCˆ(θ)
]2
(10)
where,
Wˆss = Sˆ+Cˆ(θ)Sˆ−Cˆ(θ)
=
[(
cos2 θ |↑〉 〈↑| − i sin θ cos θ |↑〉 〈↓|)⊗
∑
|x− 1〉 〈x|
+ (−i sin θ cos θ |↓〉 〈↑| − sin2 θ |↓〉 〈↓|)⊗
∑
|x〉 〈x|
+ (− sin2 θ |↑〉 〈↑| − i sin θ cos θ |↑〉 〈↓|)⊗
∑
|x〉 〈x|
+(− i sin θ cos θ |↑〉 〈↓|+ cos2 θ |↓〉 〈↓|)⊗
∑
|x+ 1〉 〈x|
]
(11)
and
Wˆ 2 = SˆCˆ(θ)SˆCˆ(θ)
=
[
(cos2 θ |↑〉 〈↑| − i sin θ cos θ |↑〉 〈↓|)⊗
∑
|x− 2〉 〈x|
+ (−i sin θ cos θ |↓〉 〈↑| − sin2 θ |↓〉 〈↓|)⊗
∑
|x〉 〈x|
+ (− sin2 θ |↑〉 〈↑| − i sin θ cos θ |↑〉 〈↓|)⊗
∑
|x〉 〈x|
+(−i sin θ cos θ |↑〉 〈↓|+ cos2 θ |↓〉 〈↓|)⊗
∑
|x+ 2〉 〈x|
]
.
(12)
This implies that ψ
↑(↓)
x±1 = 0, i.e., the position with zero
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FIG. 3: Systematic presentation of the equivalence of the
three forms of discrete-time quantum walk.
probability in SQW. Thus, by discarding the positions
with zero probability and relabelling values of position
4x± 2 as values of x± 1, the two-step SQW is equivalent
to SSQW [59]. Equivalence of SQW and DQW : Two
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FIG. 4: Probability distribution equivalence for the
different forms of discrete-time quantum walk, i.e., SQW
and DQW for 100-steps and SSQW for 50 steps with the
coin parameter θ = pi/4. Alternate sites of SQW have zero
probability and thus 100-steps of SQW are equivalent to 50
time-steps of SSQW. The initial state is
|Ψin〉 = 1√2 (|↑〉+ |↓〉)⊗ |x = 0〉.
SQW steps are equivalent to two DQW steps followed by
a translation operator which executes a global shift on
the position space. For the choice of shift operator we
have used, along with directed translation we can show
that,
Wˆ 2 ≡ Tˆ−Wˆd2[
SˆCˆ(θ)
]2
≡ T−
[
SˆdCˆ(θ)
]2
, (13)
where, the form of Cˆ(θ), Sˆ, and Sˆd are given in Eqs. (2),
(3), and (6), respectively and Tˆ− = (Ic ⊗
∑ |x− 1〉 〈x|).
this can be explicitly shown by expanding the operators,
Wˆ 2 is given in Eq. (12) and
WˆTD = Tˆ−Wˆd
2
= Tˆ−
[
SˆdCˆ(θ)SˆdCˆ(θ)
]
=
[
(cos2 θ |↑〉 〈↑| − i sin θ cos θ |↑〉 〈↓|)⊗
∑
|x− 1〉 〈x|
+ (−i sin θ cos θ |↓〉 〈↑| − sin2 θ |↓〉 〈↓|)⊗
∑
|x〉 〈x|
+ (− sin2 θ |↑〉 〈↑| − i sin θ cos θ |↑〉 〈↓|)⊗
∑
|x〉 〈x|
+(−i sin θ cos θ |↑〉 〈↓|+ cos2 θ |↓〉 〈↓|)⊗
∑
|x+ 1〉 〈x|
]
.
(14)
In Eq. (12) again by replacing x ± 2 with x ± 1 we
can show WˆTD ≡ Wˆ 2. Therefore, for all physical
realizations mapping the position space of the walker
onto multi-qubit states of a quantum processor, one can
ignore the alternate positions with zero probability in
SQW. A resulting probability distribution is equivalent
to the translated DQW.
Equivalence of SSQW and DQW: A SSQW as described
by the operator Wˆss is equal to two DQW steps described
by Wˆd followed by a global translation operator of the
form Tˆ− = (Ic ⊗
∑ |x− 1〉 〈x|). The probability distri-
bution of 2t- time steps of the directed walk is the same as
the probability distribution of t− steps of the split-step
walk i.e.,
Wˆss = Tˆ−Wˆ 2d (15)
where Wˆss and Wˆd are given in is given in Eq. (7) and Eq.
(6), respectively. Tˆ−Wˆ 2d is given in Eq. (14). Therefore,
from Eq. (10), (13) and (15) we get,
Wˆss = Tˆ−Wˆ 2d ≡ Wˆ 2. (16)
Fig. 3 gives a diagram of the equivalence of all the
three forms of the DTQW while Fig. 4 shows the proba-
bility distribution comparison for all the three forms of
DTQW. The probability distribution of SSQW is equiv-
alent to half of the time evolution of SQW and DQW.
The probability values are the same for all three forms.
Translation of DQW in position space recovers SSQW
and discarding of position space with zero probability in
SQW reduces its spread in position space and recovers
SSQW.
Therefore, a quantum circuit which can implement one
form of DTQW is sufficient to recover the exact probabil-
ity distribution of the others by relabelling the position
state associated with the multi-qubit state on the pro-
cessor.
1
Cθ σx • • • σx Cθ • • •
• •
• • • •
σx σx
(a) (b)
FIG. 5: Generic quantum circuit for a standard quantum
walk (SQW) on a five qubit system, which can implement
up to seven steps of standard quantum walk. Alternating
circuit (a) and (b) will give the probability distribution of
SQW for any initial state on five qubits for the position
state mapping given in table I. If the initial state is even,
circuit (a) is applied first, and if the initial state is odd
circuit (b) is applied first, where even and odd sites are
given by the value of the last qubit.
5III. QUANTUM CIRCUIT FOR
IMPLEMENTING THE DISCRETE-TIME
QUANTUM WALK
In previous work an efficient quantum circuit has been
presented for implementing the DTQW on highly sym-
metric graphs. Those graphs include, hypercube, com-
plete and complete multipartite graphs where the re-
sources required for physical implementation scale log-
arithmically with the size of the state space [60]. In this
section, we present different realizations of quantum cir-
cuits to implement SQW and DQW in position space on
circuit-model quantum computer.
To implement a walk in one dimensional position
Hilbert space of size 2q, (q + 1) qubits are needed,
one qubit to represent the particle’s internal state (coin
qubit) and q- qubits to represent the position. The coin
operation can be implemented by applying a single qubit
rotation gate on the coin qubit, and the position shift
operation is implemented subsequently with the help of
multi-qubit gates where the coin qubit acts as the control.
Different quantum circuits for implementing DTQWs de-
pend on how the position space is represented. Example
circuits for a five qubit system are given in this section.
1
Cθ • • • •
• •
• • •
FIG. 6: Generic quantum circuit for a directed quantum
walk (DQW) on five qubits. Concatenation of this circuit
will give the probability distribution of SQW for any generic
initial state for the mapping given in table I.
For q = 5 the number of steps of SQW that can be
implemented is 2q−2 − 1 = 7. We choose the position
state mapping given in table I. The last qubit to set to
state |0〉 and |1〉 to identify even and odd positions. This
allows us to keep the rest of the qubits mapped identically
for each pair of even and odd positions.
For any initial position state |x〉 of the particle, the
alternation of circuit (a) and (b) given in Fig. 5 imple-
ments the SQW. If the initial position x is even/odd,
circuit (a)/(b) is applied first. Similarly, the quantum
circuit for DQW starting from any arbitrary initial posi-
tion state |x〉 is given by repeated application of quantum
circuit given in Fig. 6, one for each step.
TABLE I: Position state mapping with the multi-qubits
states for quantum circuits presented in Figs. 5, 6, 7, and 8.
This multi-qubit configuration with |0〉 and |1〉 as the state
of the last qubit helps in identifying even and odd positions
in the systems.
|x = 0〉 ≡ |0000〉
|x = 1〉 ≡ |0001〉 |x = −1〉 ≡ |0011〉
|x = 2〉 ≡ |0110〉 |x = −2〉 ≡ |0010〉
|x = 3〉 ≡ |0111〉 |x = −3〉 ≡ |0101〉
|x = 4〉 ≡ |1100〉 |x = −4〉 ≡ |0100〉
|x = 5〉 ≡ |1101〉 |x = −5〉 ≡ |1111〉
|x = 6〉 ≡ |1010〉 |x = −6〉 ≡ |1110〉
|x = 7〉 ≡ |1011〉 |x = −7〉 ≡ |1001〉
Fixing the initial state of the walker helps in reducing
the gate count in the quantum circuit and hence reduces
the overall error. For example, if the initial state is fixed
to |↑〉 ⊗ |0000〉 ≡ |0〉 ⊗ |x = 0〉 then the quantum cir-
cuit for first seven steps for SQW and DQW is shown
in Fig. 7 and Fig. 8, respectively. Two different shift op-
erators are needed for the implementation of a SSQW.
The same results can be reconstructed from the DQW
which will need only one shift operator. Therefore, us-
ing a DQW and reconstructing the results of the corre-
sponding SSQW from it is more efficient than the direct
implementation of SSQW.
We now consider a different configuration of position
space mapping onto multi-qubit states. The position
state mapping for these circuits is shown in table II. As in
table I the last qubit states |0〉 and |1〉 are set to identify
the even and odd position.
TABLE II: Position state mapping onto the multi-qubits
states for quantum circuits presented in Fig. 9 and Fig. 10.
|x = 0〉 ≡ |0000〉
|x = 1〉 ≡ |0001〉 |x = −1〉 ≡ |0111〉
|x = 2〉 ≡ |0010〉 |x = −2〉 ≡ |0110〉
|x = 3〉 ≡ |0011〉 |x = −3〉 ≡ |0101〉
|x = 4〉 ≡ |1100〉 |x = −4〉 ≡ |0100〉
|x = 5〉 ≡ |1101〉 |x = −5〉 ≡ |1011〉
|x = 6〉 ≡ |1110〉 |x = −6〉 ≡ |1010〉
|x = 7〉 ≡ |1111〉 |x = −7〉 ≡ |1001〉
In Fig. 9 and 10, alternative quantum circuits for dif-
ferent mapping choices of position state onto multi-qubit
state are shown, which implement seven steps of the
SQW and DQW, respectively. The initial state is fixed
to |0〉 ⊗ |x = 0〉.
At alternate sites of the SQW we have zero probability,
and our mapping allows the value of the last qubit to
identify odd or even positions. Alternatively, the step
6number can be classically tracked in the quantum circuits
shown in Fig. 5, 7 and 9 to reduce the number of σx
operations on the last qubit to zero or one.
1
|0〉 Cθ σx • σx Cθ • • Cθ σx • • σx Cθ • • • Cθ σx • • • σx Cθ • • • Cθ σx • • • σx
|0〉
|0〉 • • • •
|0〉 • • • • • • • • • •
|0〉 σx σx σx σx σx σx σx
Step 1 Step 2 Step 3 Step 4 Step 5 Step 6 Step 7
FIG. 7: Quantum circuit for first seven steps of the SQW on a five qubit system with a fixed initial state
|↑〉 ⊗ |x = 0〉 ≡ |↑〉 ⊗ |0000〉. The position state mapping is shown in table I. This circuit has a reduced gate count compared
to the generic circuit shown in Fig. 5. We note that the sequence of σx in the last qubit can be replaced by classically tracking
of the step number.
1
|0〉 Cθ • Cθ • • • Cθ • • • Cθ • • • • Cθ • • • • Cθ • • • • Cθ • • • •
|0〉
|0〉
|0〉 • • • • • • • • • •
|0〉 • • • • • • • • • • • • • • • •
Step 1 Step 2 Step 3 Step 4 Step 5 Step 6 Step 7
FIG. 8: Quantum circuit for first seven steps of the DQW on a five qubit system with a fixed initial state
|↑〉 ⊗ |x = 0〉 ≡ |0〉 ⊗ |0000〉. The position state mapping is given in table I. This circuit has a reduced gate count compared to
the generic circuit shown in Fig. 6.
1
|0〉 Cθ σx • • σx Cθ • • Cθ σx • • σx Cθ • • • Cθ σx • • • σx Cθ • • • Cθ σx • • • σx
|0〉
|0〉 • • • •
|0〉 • • • • • • • • • •
|0〉 σx σx σx σx σx σx σx
Step 1 Step 2 Step 3 Step 4 Step 5 Step 6 Step 7
FIG. 9: Quantum circuit for SQW for the first seven steps on five qubit system for the fixed initial state
|↑〉 ⊗ |x = 0〉 ≡ |0〉 ⊗ |0000〉. The position state mapping is given in table II. We note that the sequence of σx in the last qubit
can be completely replaced by classical tracking of the step number.
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|0〉 Cθ • Cθ • • Cθ • • Cθ • • • • Cθ • • • • Cθ • • • • Cθ • • • •
|0〉
|0〉
|0〉 • • • • • • • •
|0〉 • • • • • • • • • • • • • •
Step 1 Step 2 Step 3 Step 4 Step 5 Step 6 Step 7
FIG. 10: Quantum circuit for first seven steps of the DQW on a five qubit system with a fixed initial state
|↑〉 ⊗ |x = 0〉 ≡ |0〉 ⊗ |0000〉. The position state mapping is given in table II.
Among the quantum circuits presented, the one given in
Fig. 7 is optimal for implementing the SQW.
TABLE III: No. of steps and maximum number of control
qubits needed to control a target qubit in the SQW for a
system of upto 5 qubits using a circuit similar to the one
presented in Fig. 7.
No. of qubits No. of steps
No. of controls in
controlled gates
2 0 0
3 1 1 ≡ CNOT gate
4 3 2 ≡ Toffoli gate
5 7 3 control qubit
In the Appendix we present one example of a naive
mapping of the position state onto the qubit states that
results in an inefficient quantum circuit. It highlights the
importance of efficient mapping for the physical realiza-
tion.
IV. SIMPLIFIED QUANTUM CIRCUIT WITH
ANCILLA
There has been a significant increase in the number of
qubits available on platforms like trapped ion and super-
conducting qubits [61–64]. However, limited coherence
time is still an hindrance to increase the number of gates
that can be implemented. To make an explicit use of
the all available qubits, one has to develop a low depth
quantum circuits. Here we will present quantum circuits
which reduce the number of gates to implement DQWs
at the cost of requiring additional ancilla qubits. In a
system with access to more qubits, one can implement
more steps of the DQW at the same circuit depth.
For a five qubit system, we again use the first qubit to
represent the coin and the other four qubits to represent
position space. The mapping is given in table IV.
TABLE IV: Position state mapping used to construct the
quantum circuit presented in Fig. 11. This mapping requires
ancilla qubits to induce interference by merging equivalent
multi-qubit states.
|x = 0〉 ≡ |0000〉
|x = 1〉 ≡ {|1000〉 , |0100〉 , |0010〉 , |0001〉}
|x = 2〉 ≡ {|1100〉 , |1010〉 , |1001〉 ,
|0110〉 , |0101〉 , |0011〉}
|x = 3〉 ≡ {|1110〉 , |1101〉 , |1011〉 , |0111〉}
|x = 4〉 ≡ |1111〉
This is a classical circuit as it does not include the su-
perposition or interference in the system directly. The
output of the DQW and that of the quantum circuit in
Fig. 11 is compared in table V for each step. To turn
this circuit into a DQW implementation, CNOT and
Fredkin (controlled-Swap) gates involving additional an-
cilla qubits are applied before measurement as shown in
Fig. 13.
After the first three steps, a single ancilla qubit intro-
duces the equivalence of the states with two qubits in
state |1〉 to position space at |x = 2〉 as shown in Fig. 12.
After tracing out the ancilla qubit, the DQW distribution
after 3 steps is recovered. Table VI shows the equivalence
of the output of the third step of the directed quantum
walk to the circuit output after the first three steps with
an ancilla qubit operation. Similarly, to include interfer-
ence after four steps, we need 3 ancilla qubits as shown
in Fig. 13 and the output equivalence is given in table
VII.
The number of ancilla qubits as well as Fredkin
8TABLE V: Output after each step of DQW and output of quantum circuit shown in Fig. 11 without the interference step
provided by the ancilla circuit.
Steps Directed quantum walk output Circuit (Fig. 11) output without ancilla
0. |0〉 ⊗ |x = 0〉 |0〉 ⊗ |0000〉
1. c1 |0〉 ⊗ |x = 0〉+ s1 |1〉 ⊗ |x = 1〉 c1 |0〉 ⊗ |0000〉+ s1 |1〉 ⊗ |1000〉
2.
c2c1 |0〉 ⊗ |x = 0〉 + s2c1 |1〉 ⊗ |x = 1〉 +
s2s1 |0〉 ⊗ |x = 1〉 − c2s1 |1〉 ⊗ |x = 2〉
c2c1 |0〉 ⊗ |0000〉 + s2c1 |1〉 ⊗ |0100〉 +
s2s1 |0〉 ⊗ |1000〉 − c2s1 |1〉 ⊗ |1100〉
3.
c3c2c1 |0〉⊗|x = 0〉+s3c2c1 |1〉⊗|x = 1〉+
s3s2c1 |0〉⊗|x = 1〉−c3s2c1 |1〉⊗|x = 2〉+
c3s2s1 |0〉⊗|x = 1〉+s3s2s1 |1〉⊗|x = 2〉−
s3c2s1 |0〉 ⊗ |x = 2〉+ c3c2s1 |1〉 ⊗ |x = 3〉
c3c2c1 |0〉 ⊗ |0000〉+ s3c2c1 |1〉 ⊗ |0010〉+
s3s2c1 |0〉 ⊗ |0100〉 − c3s2c1 |1〉 ⊗ |0110〉+
c3s2s1 |0〉 ⊗ |1000〉+ s3s2s1 |1〉 ⊗ |1010〉 −
s3c2s1 |0〉 ⊗ |1100〉+ c3c2s1 |1〉 ⊗ |1110〉
4.
c4c3c2c1 |0〉 ⊗ |x = 0〉 + s4c3c2c1 |1〉 ⊗
|x = 1〉 + s4s3c2c1 |0〉 ⊗ |x = 1〉 −
c4s3c2c1 |1〉 ⊗ |x = 2〉 + c4s3s2c1 |0〉 ⊗
|x = 1〉 + s4s3s2c1 |1〉 ⊗ |x = 2〉 −
s4c3s2c1 |0〉 ⊗ |x = 2〉 + c4c3s2c1 |1〉 ⊗
|x = 3〉 + c4c3s2s1 |0〉 ⊗ |x = 1〉 +
s4c3s2s1 |1〉 ⊗ |x = 2〉 + s4s3s2s1 |0〉 ⊗
|x = 2〉 − c4s3s2s1 |1〉 ⊗ |x = 3〉 −
c4s3c2s1 |0〉 ⊗ |x = 2〉 − s4s3c2s1 |1〉 ⊗
|x = 3〉 + s4c3c2s1 |0〉 ⊗ |x = 3〉 −
c4c3c2s1 |1〉 ⊗ |x = 4〉
c4c3c2c1 |0〉 ⊗ |0000〉 + s4c3c2c1 |1〉 ⊗
|0001〉 + s4s3c2c1 |0〉 ⊗ |0010〉 −
c4s3c2c1 |1〉 ⊗ |0011〉 + c4s3s2c1 |0〉 ⊗
|0100〉 + s4s3s2c1 |1〉 ⊗ |0101〉 −
s4c3s2c1 |0〉 ⊗ |0110〉 + c4c3s2c1 |1〉 ⊗
|0111〉 + c4c3s2s1 |0〉 ⊗ |1000〉 +
s4c3s2s1 |1〉 ⊗ |1001〉 + s4s3s2s1 |0〉 ⊗
|1010〉 − c4s3s2s1 |1〉 ⊗ |1011〉 −
c4s3c2s1 |0〉 ⊗ |1100〉 − s4s3c2s1 |1〉 ⊗
|1101〉 + s4c3c2s1 |0〉 ⊗ |1110〉 −
c4c3c2s1 |1〉 ⊗ |1111〉
TABLE VI: Output after the three steps of a DQW using the quantum circuit shown in Fig. 11 and output of the quantum
circuit with ancilla as shown in Fig. 12 after the interference step.
Step Circuit output without ancilla Circuit output with ancilla
3.
c3c2c1 |0〉 ⊗ |0000〉+ s3c2c1 |1〉 ⊗ |0010〉+
s3s2c1 |0〉 ⊗ |0100〉 − c3s2c1 |1〉 ⊗ |0110〉+
c3s2s1 |0〉 ⊗ |1000〉+ s3s2s1 |1〉 ⊗ |1010〉 −
s3c2s1 |0〉 ⊗ |1100〉+ c3c2s1 |1〉 ⊗ |1110〉
c3c2c1 |0〉 ⊗ |0000〉+ s3c2c1 |1〉 ⊗ |0010〉+
(s3s2c1 + c3s2s1) |0〉 ⊗ |0100〉+ (s3s2s1 −
c3s2c1) |1〉⊗ |0110〉− s3c2s1 |0〉⊗ |1100〉+
c3c2s1 |1〉 ⊗ |1110〉
1
|0〉 Cθ • Cθ • Cθ • Cθ •
|0〉
|0〉
|0〉
|0〉
Step 1 Step 2 Step 3 Step 4
FIG. 11: Quantum circuit for DQW for first four steps
without interference. Each step of this quantum circuit is
given by a controlled-NOT gate because of the mapping
chosen (see table IV). To include interference in the circuit,
ancilla operations are needed before the measurement (see
Fig. 13.
(CSWAP) gates for the circuit in Fig. 11 increases as
n−1C2 where, n is the step number after which the mea-
1
|0〉 Cθ • Cθ • Cθ •
|0〉 • ×
|0〉 ×
|0〉
|0〉
ancilla |0〉 • //
FIG. 12: Quantum circuit for DQW with the ancilla
operation to include interference after first three steps.
surement is done. The ancilla operation is needed only
before the measurement.
V. CONCLUDING REMARKS
By digitally encoding the walk position space onto
qubits in various ways, we have shown different equiva-
9TABLE VII: Output after the four steps of a DQW using the quantum circuit shown in Fig. 11 and output of the quantum
circuit with ancilla as shown in Fig. 13 after the interference step.
Step Circuit output without ancilla Circuit Output with ancilla
4.
c4c3c2c1 |0〉 ⊗ |0000〉 + s4c3c2c1 |1〉 ⊗
|0001〉 + s4s3c2c1 |0〉 ⊗ |0010〉 −
c4s3c2c1 |1〉 ⊗ |0011〉 + c4s3s2c1 |0〉 ⊗
|0100〉 + s4s3s2c1 |1〉 ⊗ |0101〉 −
s4c3s2c1 |0〉 ⊗ |0110〉 + c4c3s2c1 |1〉 ⊗
|0111〉 + c4c3s2s1 |0〉 ⊗ |1000〉 +
s4c3s2s1 |1〉 ⊗ |1001〉 + s4s3s2s1 |0〉 ⊗
|1010〉 − c4s3s2s1 |1〉 ⊗ |1011〉 −
c4s3c2s1 |0〉 ⊗ |1100〉 − s4s3c2s1 |1〉 ⊗
|1101〉 + s4c3c2s1 |0〉 ⊗ |1110〉 −
c4c3c2s1 |1〉 ⊗ |1111〉
c4c3c2c1 |0〉 ⊗ |0000〉 + s4c3c2c1 |1〉 ⊗
|0001〉 + (s4s3c2c1 + c4s3s2c1 +
c4c3s2s1) |0〉 ⊗ |0100〉 + (s4c3s2s1 −
c4s3c2c1 + s4s3s2c1) |1〉 ⊗ |0101〉 +
(s4s3s2s1 − s4c3s2c1 − c4s3c2s1) |0〉 ⊗
|0110〉 + (c4c3s2c1 − c4s3s2s1 −
s4s3c2s1) |1〉 ⊗ |0111〉 + s4c3c2s1 |0〉 ⊗
|1110〉 − c4c3c2s1 |1〉 ⊗ |1111〉
1
|0〉 Cθ • Cθ • Cθ • Cθ •
|0〉 • × • ×
|0〉 × ×
|0〉 × • ×
|0〉
|0〉 • //
|0〉 • //
|0〉 • //
FIG. 13: Quantum circuit for DQW with ancilla operation
to include interference after first four steps. With number of
steps, ancilla qubit also increases.
lent quantum walk circuits. The examples illustrate how
the encoding method and use of ancilla qubits can reduce
the the required gate depth.
The circuits can be scaled to implement more steps
on a larger system using higher order Toffoli gates. Im-
plementation of n-steps of a SQW will need at least
(log2(n + 1) + 2)-qubits. Similarly, for implementing n-
steps of a DQW, at least (log2(n + 1) + 1) qubits are
required. For certain configurations, m ancilla qubits
can be used to introduce interference in the system of
the multi-qubit states as shown for the DQW circuit
in Fig. 11. To implement a two-state DTQW in two-
dimensional position space [65, 66], the same circuit can
be scaled with an appropriate mapping of qubit states
with the nearest neighbour position space in both di-
mensions. All the circuits presented can be extended to
implement two or more particle DTQWs by introducing
two or more coin qubits into the system, respectively. In
such cases, the control over the target or position qubit
increases with the number of coin qubits.
With an appropriate choice of quantum coin opera-
tion in SSQWs, Dirac cellular automata can be recov-
ered, which reproduces the dynamics of the Dirac equa-
tion in the continuum limit [41]. With the appropriate
use of position dependent coin operation and additional
higher order Toffoli gates to our circuits, DTQW based
algorithms, such as spatial search can be implemented.
Appendix
A naive mapping can result in an inefficient quantum
circuit. One example of this is given in table VIII and
Fig. 14.
TABLE VIII: Mapping of position state onto multi-qubit
states for DQW circuit presented in Fig. 14.
|x = 0〉 ≡ |0000〉
|x = 1〉 ≡ |1000〉 |x = 4〉 ≡ |1111〉
|x = 2〉 ≡ |1100〉 |x = 5〉 ≡ |0111〉
|x = 3〉 ≡ |1110〉 |x = 6〉 ≡ |1011〉
1
|0〉 Cθ • Cθ • • Cθ • • • Cθ • • • • Cθ • • • • •
|0〉 • • • • • • • • •
|0〉 • • • • • •
|0〉 • • •
|0〉 •
Step 1 Step 2 Step 3 Step 4 Step 5
FIG. 14: Quantum circuit for DQW for first five steps with
the fixed initial state |Ψin〉 = |↑〉 ⊗ |x = 0〉 ≡ |0〉 ⊗ |0000〉 for
the naive mapping shown in table VIII. This circuit has a
simple structure but it consists of many additional higher
order Toffoli gates compared to the circuits shown in Sec. III
and IV.
The simplest quantum circuit for the mapping given
above with fixed initial state, |0〉 ⊗ |0000〉 is shown in
Fig. 14. This circuit implements five steps of the DQW.
In the same system one can implement upto 15 steps since
the available position states are 24 = 16. This circuit
looks straightforward to construct and scale but an actual
10
implementation would require higher-order Toffoli gates
even for a small number of steps and fixed initial position,
making it inefficient for near term quantum processors.
Acknowledgement:
CHA acknowledges financial support from CONACYT
doctoral grant no. 455378. NML acknowledges financial
support from the NSF grant no. PHY-1430094 to the
PFC@JQI. CMC acknowledge the support from the De-
partment of Science and Technology, Government of In-
dia under Ramanujan Fellowship grant no. SB/S2/RJN-
192/2014 and US Army ITC-PAC grant no. W90GQZ-
91410023.
[1] J. Preskill, “Quantum computing in the nisq era and be-
yond,” Quantum, vol. 2, p. 79, 2018.
[2] Y. Alexeev et al., ”Quantum Computer Systems for Sci-
entific Discovery,” arXiv 1912.07577 (2019)
[3] J. Kempe, “Quantum random walks: an introductory
overview,” Contemporary Physics, vol. 44, no. 4, pp. 307–
327, 2003.
[4] S. E. Venegas-Andraca, “Quantum walks: a comprehen-
sive review,” Quantum Information Processing, vol. 11,
no. 5, pp. 1015–1106, 2012.
[5] A. M. Childs, R. Cleve, E. Deotto, E. Farhi, S. Gutmann,
and D. A. Spielman, “Exponential algorithmic speedup
by a quantum walk,” in Proceedings of the thirty-fifth
annual ACM symposium on Theory of computing, pp. 59–
68, ACM, 2003.
[6] A. Ambainis, “Quantum walks and their algorithmic ap-
plications,” International Journal of Quantum Informa-
tion, vol. 1, no. 04, pp. 507–518, 2003.
[7] N. Shenvi, J. Kempe, and K. B. Whaley, “Quan-
tum random-walk search algorithm,” Physical Review A,
vol. 67, no. 5, p. 052307, 2003.
[8] A. Ambainis, “Quantum walk algorithm for element dis-
tinctness,” SIAM Journal on Computing, vol. 37, no. 1,
pp. 210–239, 2007.
[9] F. Magniez, M. Santha, and M. Szegedy, “Quantum al-
gorithms for the triangle problem,” SIAM Journal on
Computing, vol. 37, no. 2, pp. 413–424, 2007.
[10] B. L. Douglas and J. B. Wang, “A classical approach to
the graph isomorphism problem using quantum walks,”
Journal of Physics A: Mathematical and Theoretical,
vol. 41, no. 075303, 2008.
[11] J. K. Gamble, M. Friesen, D. Zhou, R. Joynt, and S. Cop-
persmith, “Two-particle quantum walks applied to the
graph isomorphism problem,” Physical Review A, vol. 81,
no. 5, 2010.
[12] S. D. Berry and J. B. Wang, “Two-particle quantum
walks: Entanglement and graph isomorphism testing,”
Physical Review A, vol. 83, no. 4, 2011.
[13] G. D. Paparo and M. Martin-Delgado, “Google in a quan-
tum network,” Scientific reports, vol. 2, p. 444, 2012.
[14] G. D. Paparo, M. Mu¨ller, F. Comellas, and M. A. Martin-
Delgado, “Quantum google in a complex network,” Sci-
entific reports, vol. 3, p. 2773, 2013.
[15] T. Loke, J. Tang, J. Rodriguez, M. Small, and J. B.
Wang, “Comparing classical and quantum pageranks,”
Quantum information processing, vol. 16, no. 1, p. 25,
2017.
[16] C. M. Chandrashekar, Prateek Chawla, Roopesh Man-
gal, “Discrete-time quantum walk algorithm for ranking
nodes on a network,” arXiv, no. 1905.06575, 2019.
[17] P. Arrighi, S. Facchini, and M. Forets, “Quantum walking
in curved spacetime,” Quantum Information Processing,
vol. 15, no. 8, pp. 3467–3486, 2016.
[18] G. Di Molfetta, M. Brachet, and F. Debbasch, “Quan-
tum walks in artificial electric and gravitational fields,”
Physica A: Statistical Mechanics and its Applications,
vol. 397, pp. 157–168, 2014.
[19] G. Di Molfetta, M. Brachet, and F. Debbasch, “Quantum
walks as massless dirac fermions in curved space-time,”
Physical Review A, vol. 88, no. 4, p. 042301, 2013.
[20] C. M. Chandrashekar, “Two-component Dirac-like
Hamiltonian for generating quantum walk on one-, two-
and three-dimensional lattices,” Scientific reports, vol. 3,
p. 2829, 2013.
[21] C. M. Chandrashekar, S. Banerjee, and R. Srikanth,
“Relationship between quantum walks and relativistic
quantum mechanics,” Physical Review A, vol. 81, no. 6,
p. 062340, 2010.
[22] F. W. Strauch, “Relativistic quantum walks,” Physical
Review A, vol. 73, no. 5, p. 054302, 2006.
[23] G. Di Molfetta and A. Pe´rez, “Quantum walks as simu-
lators of neutrino oscillations in a vacuum and matter,”
New Journal of Physics, vol. 18, no. 10, p. 103038, 2016.
[24] A. Mallick, S. Mandal, A. Karan, and C. M. Chan-
drashekar, “Simulating Dirac Hamiltonian in curved
space-time by split-step quantum walk,” Journal of
Physics Communications 3 (1), 015012, 2019.
[25] C. M. Chandrashekar and T. Busch, “Localized quantum
walks as secured quantum memory,” EPL (Europhysics
Letters), vol. 110, no. 1, p. 10005, 2015.
[26] A. Mallick, S. Mandal, and C. M. Chandrashekar, “Neu-
trino oscillations in discrete-time quantum walk frame-
work,” The European Physical Journal C, vol. 77, no. 2,
p. 85, 2017.
[27] D. Aharonov, A. Ambainis, J. Kempe, and U. Vazirani,
“Quantum walks on graphs,” pp. 50–59, 2001.
[28] B. Tregenna, W. Flanagan, R. Maile, and V. Kendon,
“Controlling discrete quantum walks: coins and initial
states,” New Journal of Physics, vol. 5, no. 1, p. 83, 2003.
[29] E. Farhi and S. Gutmann, “Quantum computation and
decision trees,” Physical Review A, vol. 58, no. 2, p. 915,
1998.
[30] H. Gerhardt and J. Watrous, “Continuous-time quantum
walks on the symmetric group,” pp. 290–301, 2003.
[31] G. V. Ryazanov, “The feynman path integral for the
dirac equation,” JETP, vol. 6, no. 6, pp. 1107–1113, 1958.
[32] R. P. Feynman, “Quantum mechanical computers,”
Foundations of physics, vol. 16, no. 6, pp. 507–531, 1986.
[33] K. R. Parthasarathy, “The passage from random walk
to diffusion in quantum probability,” Journal of Applied
Probability, vol. 25, pp. 151–166, 1988.
[34] Y. Aharonov, L. Davidovich, and N. Zagury, “Quantum
11
random walks,” Physical Review A, vol. 48, no. 2, p. 1687,
1993.
[35] A. M. Childs, R. Cleve, E. Deotto, E. Farhi, S. Gutmann,
and D. A. Spielman, “Exponential algorithmic speedup
by a quantum walk,” in Proceedings of the thirty-fifth
annual ACM symposium on Theory of computing, pp. 59–
68, ACM, 2003.
[36] S. Hoyer and D. A. Meyer, “Faster transport with a di-
rected quantum walk,” Physical Review A, vol. 79, no. 2,
p. 024307, 2009.
[37] A. Montanaro, “Quantum walks on directed graphs,”
arXiv preprint quant-ph/0504116, 2005.
[38] C. M. Chandrashekar and T. Busch, “Quantum percola-
tion and transition point of a directed discrete-time quan-
tum walk,” Scientific reports, vol. 4, p. 6583, 2014.
[39] T. Kitagawa, M. A. Broome, A. Fedrizzi, M. S. Rud-
ner, E. Berg, I. Kassal, A. Aspuru-Guzik, E. Demler,
and A. G. White, “Observation of topologically protected
bound states in photonic quantum walks,” Nature com-
munications, vol. 3, p. 882, 2012.
[40] J. K. Asbo´th, “Symmetries, topological phases, and
bound states in the one-dimensional quantum walk,”
Physical Review B, vol. 86, no. 19, p. 195414, 2012.
[41] A. Mallick and C. M. Chandrashekar, “Dirac cellular au-
tomaton from split-step quantum walk,” Scientific Re-
ports, vol. 6, p. 25779, 2016.
[42] M. Szegedy, “Quantum speed-up of markov chain based
algorithms,” in Foundations of Computer Science, 2004.
Proceedings. 45th Annual IEEE Symposium on, pp. 32–
41, IEEE, 2004.
[43] D. A. Meyer, “From quantum cellular automata to quan-
tum lattice gases,” Journal of Statistical Physics, vol. 85,
no. 5-6, pp. 551–574, 1996.
[44] A. Pe´rez, “Asymptotic properties of the dirac quantum
cellular automaton,” Physical Review A, vol. 93, no. 1,
p. 012328, 2016.
[45] C. M. Chandrashekar, “Disorder induced localiza-
tion and enhancement of entanglement in one-
and two-dimensional quantum walks,” arXiv preprint
arXiv:1212.5984, 2012.
[46] A. Joye, “Dynamical localization for d-dimensional ran-
dom quantum walks,” Quantum Information Processing,
vol. 11, no. 5, pp. 1251–1269, 2012.
[47] H. Obuse and N. Kawakami, “Topological phases and de-
localization of quantum walks in random environments,”
Physical Review B, vol. 84, no. 19, p. 195139, 2011.
[48] T. Kitagawa, M. S. Rudner, E. Berg, and E. Demler, “Ex-
ploring topological phases with quantum walks,” Physical
Review A, vol. 82, no. 3, p. 033429, 2010.
[49] H. B. Perets, Y. Lahini, F. Pozzi, M. Sorel, R. Moran-
dotti, and Y. Silberberg, “Realization of quantum walks
with negligible decoherence in waveguide lattices,” Phys-
ical review letters, vol. 100, no. 17, p. 170506, 2008.
[50] M. Karski, L. Fo¨rster, J.-M. Choi, A. Steffen, W. Alt,
D. Meschede, and A. Widera, “Quantum walk in posi-
tion space with single optically trapped atoms,” Science,
vol. 325, no. 5937, pp. 174–177, 2009.
[51] A. Schreiber, K. N. Cassemiro, V. Potocˇek, A. Ga´bris,
P. J. Mosley, E. Andersson, I. Jex, and C. Silber-
horn, “Photons walking the line: a quantum walk
with adjustable coin operations,” Physical review letters,
vol. 104, no. 5, p. 050502, 2010.
[52] A. Peruzzo, M. Lobino, J. C. Matthews, N. Matsuda,
A. Politi, K. Poulios, X.-Q. Zhou, Y. Lahini, N. Ismail,
K. Wo¨rhoff, et al., “Quantum walks of correlated pho-
tons,” Science, vol. 329, no. 5998, pp. 1500–1503, 2010.
[53] M. A. Broome, A. Fedrizzi, B. P. Lanyon, I. Kassal,
A. Aspuru-Guzik, and A. G. White, “Discrete single-
photon quantum walks with tunable decoherence,” Phys-
ical Review Letters, vol. 104, no. 15, p. 153602, 2010.
[54] H. Schmitz, R. Matjeschk, C. Schneider, J. Glueckert,
M. Enderlein, T. Huber, and T. Schaetz, “Quantum walk
of a trapped ion in phase space,” Physical review letters,
vol. 103, no. 9, p. 090504, 2009.
[55] F. Za¨hringer, G. Kirchmair, R. Gerritsma, E. Solano,
R. Blatt, and C. Roos, “Realization of a quantum walk
with one and two trapped ions,” Physical review letters,
vol. 104, no. 10, p. 100503, 2010.
[56] C. A. Ryan, M. Laforest, J.-C. Boileau, and R. Laflamme,
“Experimental implementation of a discrete-time quan-
tum random walk on an nmr quantum-information pro-
cessor,” Physical Review A, vol. 72, no. 6, p. 062317,
2005.
[57] J.-Q. Zhou, L. Cai, Q.-P. Su, and C.-P. Yang, “Protocol
of a quantum walk in circuit qed,” Physical Review A,
vol. 100, no. 1, p. 012343, 2019.
[58] C. M. Chandrashekar, R. Srikanth, and R. Laflamme,
”Optimizing the discrete-time quantum walk using SU(2)
coin” Physical Rev A, vol. 77, 032326, 2008.
[59] N. P. Kumar, R. Balu, R. Laflamme, and C. M. Chan-
drashekar, “Bounds on the dynamics of periodic quantum
walks and emergence of the gapless and gapped dirac
equation,” Physical Review A, vol. 97, no. 1, p. 012116,
2018.
[60] B. Douglas and J. Wang, “Efficient quantum circuit im-
plementation of quantum walks,” Physical Review A,
vol. 79, no. 5, p. 052335, 2009.
[61] K. A. Landsman, C. Figgatt, T. Schuster, N. M. Linke,
B. Yoshida, N. Y. Yao, and C. Monroe, “Verified quan-
tum information scrambling,” Nature, vol. 567, no. 7746,
p. 61, 2019.
[62] J. Zhang, G. Pagano, P. W. Hess, A. Kyprianidis,
P. Becker, H. Kaplan, A. V. Gorshkov, Z.-X. Gong,
and C. Monroe, “Observation of a many-body dynami-
cal phase transition with a 53-qubit quantum simulator,”
Nature, vol. 551, no. 7682, p. 601, 2017.
[63] J. G. Bohnet, B. C. Sawyer, J. W. Britton, M. L. Wall,
A. M. Rey, M. Foss-Feig, and J. J. Bollinger, “Quan-
tum spin dynamics and entanglement generation with
hundreds of trapped ions,” Science, vol. 352, no. 6291,
pp. 1297–1301, 2016.
[64] Z. Yan, Y.-R. Zhang, M. Gong, Y. Wu, Y. Zheng, S. Li,
C. Wang, F. Liang, J. Lin, Y. Xu, et al., “Strongly cor-
related quantum walks with a 12-qubit superconducting
processor,” Science, vol. 364, no. 6442, pp. 753–756, 2019.
[65] C. Di Franco, M. Mc Gettrick, and Th. Busch, ”Mimick-
ing the Probability Distribution of a Two-Dimensional
Grover Walk with a Single-Qubit Coin,” Phys. Rev. Lett.
106, 080502, 2011.
[66] C. M. Chandrashekar, Th. Busch, ”Decoherence on a
two-dimensional quantum walk using four- and two-state
particle” J. Phys. A: Math. Theor. vol. 46, 105306, 2013.
